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Turbulent bands in plane-Poiseuille flow at moderate
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In this letter, we show via numerical simulations that the typical flow structures
appearing in transitional channel flows at moderate Reynolds numbers are not spots
but isolated turbulent bands, which have much longer lifetimes than the spots. Local-
ized perturbations can evolve into isolated turbulent bands by continuously growing
obliquely when the Reynolds number is larger than 660. However, interactions with
other bands and local perturbations cause band breaking and decay. The competition
between the band extension and breaking does not lead to a sustained turbulence
until Re becomes larger than about 1000. Above this critical value, the bands split,
providing an effective mechanism for turbulence spreading. © 2015 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4917173]

Subcritical transition triggered by finite-amplitude perturbations in viscous shear flows has
been a long-standing open problem since the experimental work of Reynolds in 1883." The
pressure-driven Hagen-Poiseuille flow (HPF), plane-Poiseuille flow (PPF), and the shear-driven
plane-Couette flow (PCF) are three typical canonical shear flows commonly examined. In contrast
to channel flows extending infinitely in the spanwise direction, the transition in pipe flow may
be analysed with a one-dimensional model,> and several stages of the transition process have
been identified numerically and experimentally.>> As concerning channel flows, the shear-driven
plane-Couette flow has a linear velocity profile, i.e., the base-flow velocity gradient is uniform
along the transverse direction and has been extensively investigated as well (for reviews, we refer to
Refs. 6-8). It is found that localized turbulence, e.g., puffs in HPF and turbulent bands or stripes in
PCF, plays an important role during the transition to sustained turbulence.

Early experiments in plane Poiseuille flow revealed that turbulent bursts first occur at a Reynolds
number of about 1000.°~'? The Reynolds number is defined as Re = U.h/v, where U, is the centerline
velocity of the base flow, & is the half channel height, and v is the kinematic viscosity of the fluid.
Later studies focused on higher Reynolds number flows (Re > 1000): turbulent spots and their char-
acteristics have been thoroughly studied'*~!” and, more recently, numerical simulations revealed the
presence of closely arranged turbulent bands or stripes.'®!° The flow structures at moderate Reynolds
numbers have been revisited lately.? In order to simplify the spatio-temporal complexity of PPF and
reduce the computational costs, slender computational domains at fixed tilt angles to the streamwise
direction have been used to simulate band patterns at moderate Reynolds numbers.?!->? It should be
noted that in the previous studies of PPF, the turbulent band always interacted with its neighbours
(e.g., other bands and local patches) or with itself due to the periodic boundary conditions imposed in
the narrow computational domains. Consequently, the long-term behaviour of an isolated turbulent
band (ITB) is still unknown, and this is the main motivation of this letter.

The incompressible Navier-Stokes equations are solved with a spectral code,?* where the veloc-
ity field is expanded in Fourier modes in the streamwise x-direction and spanwise z-direction and
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FIG. 1. (a) ReCy as a function of Re from the present simulations and previous experiments. Error bars indicate the range of
temporal variation in 4000 time units; the horizontal dashed line represents the laminar state value. i1 /W is the aspect ratio of
the cross section of the experimental channel. (b) and (c): iso-contours of the transverse velocity at the midplane after 10 000
time units for Re = 950 and 1000, respectively.

Chebyshev polynomials in the wall-normal or transverse direction y. The boundary conditions in
the x and z directions are therefore periodic, with no-slip conditions imposed at the walls (y = +h).
U, and h are chosen as the characteristic velocity and the length scale, respectively. The dimension-
less flow rate is kept constant during the simulations. We use (ny,n,,n;) = (768,65,1024) spectral
modes in a domain of size (Ly,L,,L;) = (160h,2h,120k). The accuracy of the present results is
verified by comparing with simulations in a domain of size (3204,2h,240h) with the same spectral
accuracy at Re = 1000. The difference of the friction factor Cy = 21,/ pU2 was found to be less
than 0.5%, where T, is the averaged wall shear stress. It is shown in Fig. 1(a) that the simulation
results at Reynolds numbers in the range 1300 < Re < 2400 agree well with available experimental
data.”1°

The data reported in Fig. 1 are obtained starting with a statistically steady turbulent state at
Re = 2000 and then decreasing the Reynolds number gradually. Three main observations from the
data in Fig. 1 are worth further discussion. First, Cy does not increase greatly until Re > 1000, and,
indeed, the flow patterns are different for Re below and above 1000. Long and isolated band-type
structures can be observed at Re = 950 even after 10000 time units (Fig. 1(b)), while the flow is
spatially intermittent as shown in Fig. 1(c) at Re = 1000. Second, the skin friction Cy varies stochas-
tically as shown by the error bars in the figure for 700 < Re < 1000. Third, the disturbed flow
returns to the laminar state for Reynolds numbers below 700. In order to understand the underlying
physical mechanisms, we complete the analysis performed from initially turbulent fields with the
study of how a localized disturbance evolves to sustained turbulence.

The temporal evolution of a localized disturbance at Re = 900 is illustrated in Fig. 2; the simu-
lation is performed in a computational domain of size (L.,L,,L;) = (100k,2k,80k) using (512,
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FIG. 2. The formation, transient growth, and break-up of an isolated turbulent band triggered by a localized disturbance
at Re = 900. The iso-contours of the transverse velocity are shown in the midplane. The in-plane disturbance velocity is
depicted by vectors on a coarse mesh in (d) and (g) to illustrate the large-scale flow around the band. The time series of the
volume-averaged disturbance kinetic energy Ey is shown in (h).
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FIG. 3. (a) Time series of the volume-averaged disturbance kinetic energy Ey at different Reynolds numbers and for the
same initial condition. The iso-contours of the transverse velocity in the midplane are shown in (b) and (c), where the initial
perturbation pattern is added as an inset. The mean velocity of disturbance in the plane at y = 0.514 is depicted by vectors on
a coarse mesh to show the large-scale flow.

65, 512) spectral modes. At time t = 100, we find a turbulent patch with separate upper and lower
parts (see Fig. 2(a)). These two parts move in opposite spanwise direction, and depending on the
specific details of the disturbance one or both of them may quickly decay. For the case shown in
Fig. 2(a), the upper part survives (see Fig. 2(b)) and evolves into a short oblique band at t > 250 as
shown in Fig. 2(c). This band is composed of smaller-scale perturbations illustrated by iso-contours
of the transverse velocity and surrounded by a large-scale laminar flow region depicted by the
instantaneous velocity vectors in Fig. 2(d). The large-scale flow is illustrated more clearly later (cf.
Fig. 3(c)) by examining the mean disturbance fields.

The mechanism for the growth in the oblique direction is similar to that of PC where the
large-scale motions play the key role. At t = 950, a long band is formed (see Fig. 2(d)) and the
volume-averaged disturbance kinetic energy Ey is close to its maximum value as shown in Fig. 2(h).
Unlike the PPF, the basic state of PCF has velocities in opposite directions on each channel half,
and hence, the perturbations extend in a zigzag style.”> When the band is long enough, its two ends
are close to each other due to the periodic boundary conditions, and the interactions between the
large-scale flows around the ITBs cause band breaking as reported in Fig. 2(e). Some broken pieces
decay (Fig. 2(f)) and Ei decreases (see Fig. 2(h)). On the other hand, some residues of the broken
band may trigger new stripes (Fig. 2(g)), which leads to a new increase of Ey (see energy evolution
in Fig. 2(h)). Therefore, the oscillations of Ex shown by the error bars in Fig. 1 and in Fig. 2(h) are
caused by the competition between the band breaking and band extension.

According to our simulations, the band with a positive oblique angle relative to the streamwise
direction is surrounded by a clockwise large-scale flow (Fig. 2(d)), and those with a negative angle
are associated to an anti-clockwise circulation. Consequently, these large-scale motions tend to push
parallel coherent structures to tilt away, and hence, they are here referred to as ITB.

A natural question about ITB then arises: is this a transient phenomenon?

In order to answer this question, we enlarge the computation domain to the size (Ly,L,,L;) =
(200Ah,2h,160h) (with a resolution of (1024, 65, 1024) spectral modes), so that the ITB can evolve
longer without being affected by the periodic boundary conditions. In addition, in order to study its
own dynamic behaviour, ITB should not be affected by other bands or perturbations. Therefore, the
snapshot at t = 300 of the Re = 900 case (similar to the flow in Fig. 2(c)) was used as the initial flow
field and the simulation results are shown in Fig. 3. This initially localized structure is not a typical
spot but an isolated turbulent band, which is still very short and can be used as a “seed” of ITB.
When Re < 660, ITB extends obliquely first, leading to an increase of the volume-averaged kinetic
energy of the disturbance Ey (Fig. 3(a)), but the elongated structure cannot be sustained and instead
breaks into smaller patches as shown in Fig. 3(b), indicating a complete transient phenomenon,
as also found in other spatially extended systems.?” For Re > 660, Ej increases continuously (see
Fig. 3(a)) and the ITB “seed” can extend to a very long turbulent band as shown by the visualization
in Fig. 3(c). According to the data obtained at t = 2000 and Re = 700 (Fig. 3(c)), the Re, defined
with the friction velocity is 38, and the corresponding mesh spacings Ax*, Ay*, and Az" are 7.43,
0.046-1.87, and 5.94, respectively. The resolution used here is finer than that used for fully devel-
oped turbulent channel flows.”® Since spots either decay or develop to turbulent bands, they have

F 24-26
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much shorter lifetime than ITB. Therefore, the ITB and not the spot is the typical coherent structure
of transitional PPF at moderate Reynolds numbers for large enough domains.

Three additional features shown in Fig. 3 are worth further discussing. First, the mean field
shows clearly a large-scale clockwise flow surrounding the turbulent band. Since the ITB both
extends obliquely and moves downstream with time, the mean flow is calculated by averaging over
100 snapshots with a time step of 0.7, where the data are shifted back in the upstream direction
with the ITB advection velocity U, = 0.736. Note that the mean flow vectors are shown not in the
midplane but in the wall-parallel plane at y = 0.514, where the base flow velocity is equal to U,,. It
is found that U, is a weak function of Re. Second, the tilt angle changes with the Reynolds number.
Similar as shown in Fig. 3(c), the tilt angles of the ITBs at Re = 680, 690, 700, 800, and 850
are estimated to be 38.6° 40.1°, 43.1°, 43.4°, and 42.9°, respectively. Third, an isolated turbulent
band can extend continuously and obliquely 1404 in 2000 time units at Re = 700 while keeping
its streamwise and spanwise lengths and the tilt angle statistically constant. Note that in a smaller
computational domain, an ITB has broken into segments by t = 1500 as shown in Fig. 2(e) due to
the band interaction caused by the periodic boundary conditions. Based on the above observations,
it is expected that the oblique extension will continue for Re > 660 if the computational domain
is large enough and there are no other perturbations in the neighbourhood of the ITB to induce
breaking or quenching.

Besides the Reynolds number, the initial disturbance amplitude or kinetic energy has an impor-
tant impact on the ITB’s lifetime. Since the mean disturbance kinetic energy in the cross section is
almost the same along an ITB, longer ITB corresponds to larger Ey as shown in Fig. 3. The solutions
at Re = 665 obtained in Fig. 3 are used as initial flow fields to study the pattern evolution at lower
Reynolds numbers, namely, Re = 660, 650, and 640. It is shown in Fig. 4 that a larger initial Ey is
required to maintain a continuous increase of Ey or the band extension at a lower Reynolds number.
In other words, there is a critical perturbation kinetic energy (as shown by the grey horizontal bar
in Fig. 4) for a band to survive at each Reynolds number, which increases when decreasing Re and
below which the ITB is a transient phenomenon. According to Fig. 3(a), the maximum Ey during the
transient growth process increases with Re, but the “seed” I'TB still cannot reach the critical Ey level
and decay eventually until Re > 665. This result explains the experimental phenomenon reported in
Fig. 1 that C slightly deviates from the laminar value only as Re > 667.5.°

As discussed in Fig. 2(a), statistically steady state cannot be obtained at Re = 900 due to the
band interactions. Similarly, a simulation of plane-Couette flow showed that the turbulent fraction
did not converge to a statistically steady value at Re = 325.% In this letter, we used more samples to
study the long-term effect of band interaction on the volume-averaged kinetic energy of the whole
flow field. A flow state similar to that depicted in Fig. 2(e) was first obtained at Re = 1000, then 20
transient states were used as the initial fields to investigate the survival probability P of the localized
turbulence at 700 < Re < 950, and the results are shown in Fig. 5. Because of the cost of such long
simulations in large domains, the sample size is somewhat limited; however, the probability P does
increase with Re. The localized turbulence can remain at Re = 700 but the lifetime is less than 2500
time units for all our simulations. Conversely, the perturbations may survive quite long (e.g., more
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FIG. 4. (a)-(c) Time series of Ey at different Reynolds numbers. Different colours indicate the simulations with different
initial flow fields, which are the solutions of Re = 665 (black line) at t = 0, 800, 1000, 1200, 1400, 1600, and 1800. The
horizontal grey bars denote the critical Ex for the ITB to survive.
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FIG. 5. Survival probability P (lifetime T > t.) of the turbulent bands at moderate Re. T is the computation time before the
volume-averaged kinetic energy of disturbance is less than 10,

than 8000 time units) if Re > 720 but they are yet not self-sustained when Re is as high as 950,
where P(t > 8000) is still less than 1.

Based on the above analyses, now, we can explain why it is still difficult to observe a significant
increase of the mean flow properties (e.g., Ex or Cy) in experiments”™'” if Re is just above 660. The
reason is twofold. First, randomly distributed boundary disturbances (e.g., boundary roughness) and
strong upstream perturbations may lead to multiple spots and bands. The interactions among them
may cause band breaking and subsequent decay of these localized disturbances. Second, the initial
disturbances used in the experiments are not the well-developed turbulent bands used in our simula-
tions (Figs. 3 and 4), and the time required by different initial disturbances to evolve into spots and
bands is different. In addition, the streamwise distance between measurement points was not long
enough for the turbulent structures to be fully developed at moderate Reynolds numbers.”'? Con-
sequently, the mean properties of these developing flows only slightly deviate from their laminar
values and are still strongly dependent on the entry or upstream (disturbance) conditions and the
aspect ratios of the flow channels as shown in Fig. 1.

The solution obtained at t = 1000 for the case of Re = 700 discussed in Fig. 3 is used as initial
field to study how an ITB leads to sustained turbulence. It is shown in Fig. 6 that at t = 200, the
ITB remains an isolated one at Re = 950 but splits at Re = 1100, as indicated by the red circles
in the figure. In fact, band split occurs later also in the case of Re = 950 (e.g., at t = 800), but
the new-born bands decay soon, and hence, only one isolated band is found at t = 2000. The flow

80 e
Re=11007
1=2600

Re=1100 \
0.01 t=200

Re=1100 015

0.05
Re=1050 w ﬁ -0.05 v
Re=1000 R

Re=950
Re=900

0.008

0.006

=

0.004 Re=950 &

0.002|

500 1000 1500 2000
t

% X 00 %% X 200 %% x 200
FIG. 6. Temporal evolutions of the same ITB at different Reynolds numbers. Ey as a function of time is shown on the left,
and the iso-contours of the transverse velocity in the midplane at different Re and time are shown on the right. The red circles
indicate the regions of band split.
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pattern (Re = 950 and t = 2000) is similar to that shown in Fig. 1(b) except that the ITBs tilt at oppo-
site angles due to different initial perturbations. In contrast to the case at Re = 950, the band split
happens more frequently for Re = 1100 and produces more band “seeds”. Consequently, the flow
field becomes spatially intermittent at t = 2000 as shown in Fig. 6 similar pattern as in Fig. 1(c).
According to the present simulations, the turbulence spreading caused by oblique extension and
band split is found to overcome the decay process when Re > 1000. As a result, the turbulence
is temporally sustained and the mean properties (e.g., Cyr) deviate clearly from the corresponding
laminar values. This critical value of the Reynolds number is consistent with experimental obser-
vations. For example, Nishioka and Asai'? found that turbulence could not be self-sustained for Re
below 1000. Similarly, it has been found in Hagen-Poiseuille flow that a competition between puff
split and puff decay determines a threshold for sustained turbulence.?

It has been revealed in PCF and HPF that a small domain size has a noticeable effect on the life-
time of turbulence.”3° For PPF, we tested different widths at Re = 900 and found that the turbulent
bands could not be formed when the domain width was reduced to 40%. A recent experimental study
showed that perturbations induced by continuous jets did not trigger subcritical transition in PPF
below Re = 1500,3! where the width of the test section was 15A. Recently, slender and tilted compu-
tational domains were used to study the flow patterns at different transition stages in PPF>">? and
the splitting phenomenon of PCF.3? It should be noted that such slender domains cannot describe
some important behaviours of ITB, e.g., band extension and band breaking. In addition, in a slender
domain, all turbulent bands or stripes tilt in the same direction, while it is found that the band
produced by splitting may have an opposite tilt angle in a large computational domain, as shown in
Fig. 6 (Re = 1100 and t = 200).

In this letter, the subcritical transition scenario of plane-Poiseuille flow is numerically simu-
lated in large computational domains. The isolated turbulent band, instead of the spot, is found to be
the key coherent structure dominating the initial stage of the transition. At low Reynolds numbers,
the ITB extends obliquely and then decays by band breaking. When Re > 660, short ITB can grow
until interacting with other perturbations. Sustained turbulence is observed above Re = 1000, where
the band splitting enhances significantly the spreading of turbulence.

We would like to thank F. H. Busse and many cited authors for insightful discussions. The
simulations were performed on TianHe-1(A), and this work has been supported by the National
Natural Science Foundation of China (Nos. 11225209 and 10921202).
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